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IN THIS PAPER we prove two results, one being a corollary of the other. They are stated 
immediately after some definitions. Let X and Y be C 
: S” --+ X representing a cyclic sumand such that every map 
S” + S” which extends over f is inessential. X will be called stably irreducible if for all 
k # 0 there exists m such that S’(kc) does not factor over S’Xm for any /, where S” E X” by 
the map f (which we can assume to be cellular). 
THEOREM. Suppose that X has a finite number of cells in each dimension, and that its 
suspension is irreducible. Then there is an essential phantom map from X to S”“. If SX is 
stably irreducible, there is a stably essential phantom map from X to S”+ ‘. 
COROLLARY. There exist complexes Y and Z with the following properties: 
(1) Y and 2 are H spaces. 
(2) Y and Z have the same n-type for all n. 
(3) Y and 2 both have ajinite number of cells in each dimension. 
(4) Y and 2 are not of the same homotopy type. 
This answers Problem 53 of [5] negatively, 
Proof of Theorem. We will do both cases at once. Let 9(X, Y) = h[S’X, S r] or 
[X, Y]. In either case, we get an exact sequence of sets [6]: 
0 + &Jr 9(SX”, Y) --) 9(X, Y) + @l 9(X”, Y) 3 0 
where h’ A, is defined for an inverse system of groups {A,, f.} as follows. Let 
‘(4): fJAi 41fiAl 
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be defined by 
Then 
lim’ Ai = i~lAi/{Xi} N * iff {Xi1 = A&{ail). 
An inverse system of groups {Ai,f,) is said to satisfy the Mittag-Leffler condition [2] 
if for all n, the filtration of A, by the images of A,+i has only a finite number of distinct 
levels, i.e. for all IZ there exists m such that 
Im(A,+, -+ A,) = Im(A,+k + A,) 
for all k L m. It is clear from the hypothesis that y(SX”, Y) does not satisfy (ML). Hence 
the theorem follows from the following lemma and proposition. 
LEMMA. Let f : A + X, II = [SA, yl, H = {y E I+ extends over X}. Then His normal 
in r. 
The proof is easy (see [3] 13.15). 
PROPOSITION. Let {A,,, f,} be an inverse system of countable groups. Suppose the image 
of A, in Ak, n 2 k is a normal subgroup. Then if {A,, f,} does not satisfy (ML), !ir~~’ A,, 
# 0 (see [3] 14.6). 
The converse is true for systems of abelian groups (countability is not necessary) [2]. 
Proof First we observe that if (ai} : {Xi} + { Yi} is an onto map of inverse systems 
of groups, it induces an onto map b’ Xi ----) hn~’ Yi. Suppose that there exists m such 
that for infinitely many i, Im(A,+ i -+ A,,,) # Im(A,+ i+ I+ A,). Let Xi = A,,,+ t, 
Yi = Im(A,+ i + A,,,). It will be sufficient o prove the following lemma. 
LEMMA. Suppose G = 6 Gi is a group, Gi E Gi-l, and each Gi is a normal subgroup 
i=l 
of G. Furthermore suppose Gi # Gi+I for infniteIy many i and G is countable. Then there 
exists {gi} E fi G such that gi = x.x-1 , i+ 1 has no solution {xi} E fi Gi (and hence @JI’ Gi # 0). 
i=l i=l 
Proof. Consider the exact sequence of inverse systems of groups 
1~ {Gi} --, {G} --) {G/G,} ---) 1 
If A.(c,) is onto, it can easily be seen that G w &J G + QIJ G/Gi is onto. We will contradict 
this by showing @JJ G/Gi is uncountable. If we forget the group structure 
G/Gi + 1 ~ G/Gi X Gi/Gi+1 
hence &n G/Gi fi: iQ GJGi+ 1 which is uncountable. (Note: In the case of abelian groups 
this result may be sharpened to read b1 A, is uncountable by using a six-term exact sequence 
]61.) 
Proof of Corollary. Let X = CP” in the Theorem, and n = 2. SX is easily seen to be 
irreducible, by application of 8’, the first Steenrod p”’ power, for various p. Let f : X + S3 
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be a cellular stably essential phantom map. Let Y = (S3 u ,-7X),, 2 = (S3 v SX), where 
for any space A, A, is the James construction [4]. The first three conditions are clearly 
true. Suppose Y and 2 have the same homotopy type. Then 
P(Y) x 2 @ z !z P(Z). 
Let yr, y, be generators of H3( Y) corresponding to OS4 and RS2X, and zl, z2 be generators 
of H3(Z) corresponding to QS4 and RS2X. Let y = (rr, v2), z = (zr, z2). Then z = My 
where M is a 2 x 2 integral matrix of determinant 1 corresponding to the equivalence. Let 
9’ be the first Steenrod plh poser. Now, for all primes p, B’y, # 0, B’z, # 0, while P”,vl = 
0 = B’z,. This implies y, = + z, , y2 = ) z2. Hence if j : RS4 -+ Y is the natural injection 
and n: : Y + QS4 is the composition of the equivalence and the obvious retraction, rrj N 1. 
Thus QS’ N rcjrjnsf = 0. But QSf + 0 since the diagram 
sax SQSf tSQS4 
I I 
sx _~ff-------t s 4 
commutes up to homotopy, where the vertical maps are the obvious ones. Hence the corol- 
lary follows from the Theorem. 
Remark (1). The converse to the non-stable Theorem is true if n is even or H’“(X) is 
finite (assuming Xis (n - 1)-connected and H,,(X) is free); the converse to the stable theorem 
is always true, [3; Theorem 16.31. The assumptions on X are not as drastic as they may 
seem. In [3], it is shown that if there is an essential phantom map from X to Y, 
W(X; r~~+r( Y)) is intinite for some n. Furthermore if f : X+ Y is a phantom map and 
H”(X; r~,+~( Y)) is finite for n s k, there is a phantom mapf : X/X” -+ Y extendingS. 
Remark (2). Adams [I] has shown that if n,(X) is finite for all n, and X and Y have 
the same n type for all n, then Xand Y have the same homotopy type. Furthermore, he has 
given an example satisfying (2) and (4) of the corollary. 
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